Recent years have seen an increasing interest in quantum chaos and related aspects of spatially extended systems, such as spin chains. However, the results are seemingly contradictory as generic approaches suggest the presence of many-body localization while analytical calculations for certain system classes, here referred to as the "self-dual case", prove adherence to universal (chaotic) spectral behavior. We address these issues studying the level statistics in the vicinity of the latter case, thereby revealing transitions to localization phenomena as well as the appearance of several nonstandard random-matrix universality classes.
Introduction -The original motivation to study quantum chaos [1] [2] [3] [4] resulted from the aim to understand the level statistics of typical many-body systems like nuclei. Attempting to relate quantum chaos to classical chaos, the complexity of the many-body dynamics brought single-particle systems into the focus. In recent years, the interest turned back to quantum chaos in many-body systems [5] [6] [7] [8] [9] [10] [11] . Ironically, although the dynamics in such systems is rather complicated, it is known to be not always chaotic, examples are various types of regular collective motion [12, 13] and many-body localization [14] [15] [16] [17] [18] [19] .
We consider spin chains that presently attract considerable interest as they can be realized experimentally with cold atoms [20] [21] [22] [23] [24] [25] or as chains on surfaces [26, 27] . On the theoretical side various different research directions in many-body chaos converge in spin chains, such as thermalization in finite systems [28] [29] [30] [31] [32] [33] , localization and entanglement effects [34] [35] [36] [37] [38] [39] [40] [41] , spectral properties [42] [43] [44] [45] [46] [47] [48] [49] , characterized e.g. by the spectral form factor, and the classical quantum transition [9, [50] [51] [52] [53] [54] .
In our group we identified strong collective motion in the case of large spin quantum number s [50] . We employ a certain duality: the unitary propagator in time corresponds to a nonunitary "propagation" in particle number governed by an operator dual to the time evolution operator [45, 55] . We studied the case s = 1/2 mostly considered in experiments and theory [20-31, 33, 35-38, 41-43, 45-49, 51] and calculated the spectral form factor that characterizes correlations between the eigenvalues of a system, as a function of time in the disorder free case. The Prosen group [46] extended this including disorder and confirmed the predictions made by Random Matrix Theory (RMT) [56, 57] in the limit of long times. Depending on the system parameters the dual operator can be unitary [45] . This situation was coined "self-dual case" [47] , a term which should not be confused with the "self-duality" of matrices. The Prosen group [47] showed that in the self-dual case the exact RMT result for the spectral form factor applies at all fixed times in the thermodynamic limit of infinitely long disordered chains.
Here we have the goal to study the stability of the RMT results as we go away from the self-dual case. We will show that the spectral form factor undergoes a transition that becomes sharp in the limit N → ∞ similar to a thermodynamic phase transition.
We wish to resolve what appears at first sight to be a conflict between two recent results. Whereas, for spin quantum number s = 1/2 in the self-dual case, the form factor obeys RMT according to Ref. [47] , many-body localization was found for the form factor after an average over the system parameters for s = 1/2 in Ref. [40] for a similar setup. Furthermore, for long times of the order of the Heisenberg time, i.e. the time needed to resolve energies on the scale of the mean level spacing, the spectral form factor is in agreement with RMT [46] , once more in contradiction to many-body localization found in Ref. [40] . This leads to the following questions: How does the transition occur between RMT and the localized regime? Specifically how does the spectral form factor change for short times if we move away from the self-dual case? How does the spectral form factor change in dependence of time? The answer to the first two questions allows to establish a connection between Refs. [47] and [40] , to the third between [47] and [46] .
To answer these questions we will derive an exact analytical expression for the spectral form factor for long chains in the vicinity of the self-dual case of spin chains. However, we emphasize that our results are much more general as they hold for arbitrary models with a self-dual subspace within the parameter space of the model.
Kicked Spin Chain -We study a periodically kicked disordered chain consisting of N spins with the Pauli matricesσ σ σ n = (σ x n ,σ y n ,σ z n ), the Ising coupling J, the magnetic field b x in x direction and the site dependent field h n in z direction modeling disorder. This model is of the same form as in Refs. [39, 45, 47, 50, 53] . The Floquet operator (time evolution operator for one time step) has the formÛ =Û IÛb , wherê 
in the basis σ T , where R σtσt+1 :
The necessary condition for self duality, i.e. for the unitarity ofŴ is J = b x = π/4. This can be easily seen by noting that T t=1 R σtσt+1 then transforms into (−1) ν 2 −T /2 with 2ν being the number of domain walls in the dual ring σ 1 , . . . , σ T leading, up to the factor 2 −T /2 , to a unitary operatorŴ n,b . Including this factor intoŴ I transforms this operator into the T dimensional (unitary) discrete Fourier transform.
Spectral Form Factor -The quantity of interest is the spectral form factor
where . . . denotes the disorder average over h n . The operatorsŴ n possess symmetries with respect to cyclic permutationsP C and reflectionP
The fully symmetrized basis
with normalizing constants A, A allows to decomposê W n into blocksŴ
. In the case of even T additional desymmetrization is needed for the block k = T /2. As this would complicate the discussion we concentrate on the technically simpler case of odd T , with the exception of the symmetry relations in the next section. We now introduce the squared space with product basis | σ σ = | σ | σ , operators in that space will be denoted by calligraphic letters. As shown in Ref. [47] , the form factor can then be expressed after an average with respect to Gaussian distributed disorder with standard deviation ξ as
with W obtained fromŴ n by replacing the h n by their average. The nonzero matrix elements ofÔ ξ are given by
For sufficiently large ξ [58] ,Ô ξ can be replaced by a projectorP with unit matrix elements only for 
where we used the block diagonal structure of W =
The eigenvalues ofÂ
(kk ) are denoted by λ (kk ) j . Its eigenvectors to the eigenvalue one are given by
this implies that in the self-dual case 2T eigenvalues are equal to one whereas all other eigenvalues are smaller in magnitude. As this result relies only on the unitarity of W (k) , it directly carries over to other systems with a self-dual subspace.
Symmetry Relations -The operatorsÛ andŴ n fulfill the following symmetry relations with respect to the selfdual casê pairs which singles out the phases 0 and ±π in the spectrum. These matrices are symplectic for T resp. N odd which is easily deduced if the basis states are grouped into
with all spins opposite. For T resp. N even the matrices become orthogonal after a transformation within each pair [59] . In Fig. 1 we show the numerically computed eigenphase densities ρ(ϕ) obtained after desymmetrization for the block 0+ ofŴ M for different T . For sufficiently large N we find perfect agreement with the predictions by the following "new" ensembles of RMT: the circular quaternion ensemble (CQE) for T odd and the circular real ensemble (CRE) for T even. Both are characterized by quadratic level repulsion, a quadratic behaviour around zero and ±π and the density [60, 61] ρ(ϕ) = 1 ± sin nϕ n sin ϕ .
For odd T only the minus sign is realized with odd n = dimŴ (k) + 1. For even T both signs occur and n = dimŴ (k) − 1 can be even and odd such that ρ(ϕ) can have a minimum or a maximum in the vicinity of 0 and ±π; at the points of minima disorder protected eigenphases similar to Majorana zero modes [62] appear in the spectrum, see Fig. 1 , bottom. The operatorÛ possesses additionally to Eq. (8) time reversal symmetry [1] leading to a distribution of the eigenphases ofÛ M according to T + CQE for N odd and T + CRE for N even characterized by a linear behavior close to zero, ±π and a linear eigenphase repulsion [62] , see Fig. 2 . In the vicinity of 0, ±π the spectra ofŴ M andÛ M reduce to those of Hamiltonians of "new" symmetry classes, see Ref. [63, 64] . Dependence on ∆J and T -The numerically calculated dependence of K N (T ) on ∆J is shown for different N in Fig. 3 . The left relation in Eq. (8) implies the symmetry of the plot around J = π/4. When we move away from J = π/4 the form factor first slightly decreases, then forms a plateau and finally increases exponentially. In the limit N → ∞ the support of the former shrinks while the increase becomes ever sharper reminiscent of a phase transition. According to Eq. (7) the form factor is obtained as a double sum over k and k . For sufficiently long chains the dominant contributions result only from the largest eigenvalues that smoothly transform into the unit eigenvalues in the self-dual case. In case of the exponential growth of K N (T ) the situation further simplifies, as the only significant contribution results from the largest eigenvalue of the blockÂ (0+,0+) . Due to Eq. (8),
is an even function of ∆J, thus
We derive the coefficients B k from perturbation theory based on the special form of the eigenvector to the eigenvalue one in the self-dual case [59] ,
with B 0− = 0 for T ≤ 5. Although these expressions are exact for prime T they provide a good interpolation formula also for other T , see Fig. 4 for B 0+ . There is excellent agreement for T odd, the agreement for even T is rather good for larger T . In the limit N → ∞,
2 B k becomes exact yielding the spectral form factor
We find a quite good agreement that improves with increasing N between this expression and the exact numerical result as shown in Fig. 3 . The slight decrease of K N (T ) in the vicinity of ∆J = 0 can be traced back to the fact that the sum of all B k , B 0± is slightly smaller than zero, the exponential growth is determined by B 0+ . Expression (12) shows the correct RMT behavior K N (T ) = 2T for nonzero ∆J for T → ∞. Localization -We plot in Fig. 5 K N (T ) as function of N . After an erratic behavior for small N and a transition region we find an exponential growth with N . This hints at a localization effect. To clarify this, we consider a toy model of a set of µ chaotic non-interacting non-identical quantum systems each belonging to a RMT universality class, e.g. the circular orthogonal ensemble with form factor K COE (T ). The energy spectrum of the whole set will be a direct sum of the spectra of separate systems,
kα and the form factor will be the µ-th power of K COE (T ),
Now consider a disordered chain of N spins suspected to undergo localization, with localization length of some N c . For N < N c the chain length is too small for the localization to occur, the wave functions of all states are not isolated from one another and the form factor observed is K COE (T ). For larger N the energy spectrum will be, similar to the model above, a direct sum of N/N c = µ spectra with the form factor
The plot of ln K N (T ) as function of the chain length N thus consists of a horizontal stretch at N < N c and a tilted line with inclination tan φ = ln K COE (T ) /N c for N > N c . The localization length would be the abscissa of the crossing of the large-N asymptotics of ln K N (T ) with the line y = ln K COE (T ). Returning to the system under discussion, we recall that in the limit of long chains the form factor reduces to the N −th power of the largest eigenvalue λ 0+ of the operatorÂ. Consequently the localization length can be found as N c (T ) = ln K COE /ln λ 0+ .
Conclusions -The disordered spin chain with parameters satisfying the self-duality condition is a rare example of a system in which absence of many-body localization and adherence to the RMT predictions in the thermodynamic limit have been analytically proven. We investigated the break-up of these properties in the case of deviations from the self-dual situation. A basic ingredient was the symmetry relation for the operatorsÛ and W n with respect to the self-dual case. We explored its important consequences on the eigenphase density which are in accordance with non-standard RMT ensembles. Furthermore, we studied K N (T ) in dependence of ∆J, T and N numerically and also explained our findings analytically. This allows, first, to establish a connection between the Refs. [46] and [47] by providing the time dependence of the spectral form factor. Second, in view of Eq. (12), the relationship between Refs. [47] and [40] becomes obvious, the RMT behavior shows up only in a narrow region in the vicinity of the self-dual situation turning to a localized behavior of an interacting manybody system for increased ∆J.
Our results are a first step. The methods developed in this context can be used to study many other quantities, as e.g. correlation functions and the entanglement entropy for spin chains which are in the focus of experimental and theoretical research.
